Muller Example:

The IVP:
x'=f(t,x), x(0)=0,
where
0, t<0, —o<X<w
2t, t>0, x<0

2t—%x, t>0 0<x<t?

—2t, t>0, t?< X<

Solution: a) To show !mow f(t,x)=0= f(0,0), we first note that

x—0

2
|2t—%x|£2|t|+4%£2|t|+4|tt—|:2|t|+4|t|:6|t|—>0 as t—0.
Then, we know that !irE\f(t,x):O: f(0,0) by the definition of f(t,x). Therefore,

x—0

the existence of solution is assured by the Peano theorem.

b) Since
0, t<0, —o<X<ow
0, t>0, x<0
L
ox

- t>0, 0<x<t?

0, t>0,t*°<x<ow
exists on any neighborhood of the origin except for the origin. However,

Iimﬂ(t,x)=oo.
100 OX

This shows that f (t,x) doesn’t satisfy a Lipschitz condition in any neighborhood of

the origin. (Why? The details leave for students)

c) Applying Picard iteration with x,(t) =0, we have
X,m () =t%, X, (t)=-t*, meN",
which shows that the Picard sequence {x,(t)} is not convergent uniformly on

t e[-h, h]. Although its two subsequences do converge uniformly on te[-h, h],



they are not convergent uniformly to the solution because
Xoma (D) =28 % (1, 1%), X, (1) =2t f(t,~t%).

d) If there exist two solutions x,(t) and x,(t), defined on te[0, h], where
O<h<oo,then S(t)=(x,(t)—x,(t))* satisfies

0(0)=0, 6(t)=0, te[0,h].
Then
o'(t) = 2[x(t) = x; (OI[x, (t) = x, (O = 2 [ f (£, x, (1)) — f (t, X, (O)[x, (1) — X, (O] -

Since f(t,x) isnotincreased on x by the definition of f(t,x), we have
[ (t, %, (1)~ (&, %, NI, ) -, ©]<0, te[0,h].
It yields 6'(t)<0,s0 5(t)<0, te[0,h]. Soitmustbe &(t)=0 for te[0, h]. That

IS, X,(t) =x,(t) for te[O0,h]. Itis similar to show for te[-h, 0]. The uniqueness is

done.

1) Inthe domain of t<0, —o<x<o and t>0, x<0, the solution is given by

0, t<0
X(t):{—tz, t>0’
2) In the domain of t<0, —sw<x<ow and t>0, 0<x<t?, the solution is given
by
0, t<0
xn= %tz, >0

3) In the domain of t<0, —o<x<o and t>0, t?<x, the solution is given by

(0 0, t<0
= . O
t?, t>0

Remark: This example is famous, imitated by M. Muller in 1923. It shows that
the conditions that assure the existence and uniqueness of solution is not enough
to assure the Picard iteration uniformly convergent or, to the solution although
the continuous and Lipschitz conditions can do since we have many other
uniqueness condition except for Lipschitz condition.



